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The weak energy condition is known to fail in general when applied to expectation
values of the the energy momentum tensor in flat space quantum field theory. It
is shown how the usual counter arguments against its validity are no longer appli-
cable if the states |ψ〉 for which the expectation value is considered are restricted
to a suitably defined subspace. A possible natural restriction on |ψ〉 is suggested
and illustrated by two quantum mechanical examples based on a simple perturbed
harmonic oscillator Hamiltonian. The proposed alternative quantum weak energy
condition is applied to states formed by the action of scalar, vector and the energy
momentum tensor operators on the vacuum. We assume conformal invariance in
order to determine almost uniquely three-point functions involving the energy mo-
mentum tensor in terms of a few parameters. The positivity conditions lead to non
trivial inequalities for these parameters. They are satisfied in free field theories,
except in one case for dimensions close to two. Further restrictions on |ψ〉 are sug-
gested which remove this problem. The inequalities which follow from considering
the state formed by applying the energy momentum tensor to the vacuum are shown
to imply that the coefficient of the topological term in the expectation value of the
trace of the energy momentum tensor in an arbitrary curved space background is
positive, in accord with calculations in free field theories.
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1. Introduction
In classical general relativity various positivity conditions on the energy momentum
tensor for matter play an essential role in the proof of singularity, and other, theorems (see
[1]). The simplest and perhaps most natural such inequality is the weak energy condition
which asserts that nµnνTµν(x) ≥ 0 for nµ any timelike vector at x. In a quantum theory the
natural extension of such a condition is to require that it should be true for the expectation
value of nµnνTµν(x) where Tµν is the operator representing the energy momentum tensor
which is defined in any quantum field theory. However it was soon realised [2] that such a
condition must in general fail even on topologically trivial space-times (see the appendix
in [3]), apart from the possibility of negative energy densities in the Casimir effect or in
the neighbourhood of the event horizon of black holes [4].
A version of the argument [3] showing this follows simply in the context of elementary
quantum mechanics by considering an hermitian operator T and a state |0〉 such that
〈0|T |0〉 = 0 , T |0〉 6= 0 . (1.1)
It is then evident that the positivity condition,
〈ψ|T |ψ〉 ≥ 0 , (1.2)
cannot be true for all states |ψ〉. This is perhaps obvious by virtue of the standard vari-
ational principle for determining the lowest eigenvalue of T but a formal proof may be
obtained by considering
|ψ〉 = |0〉+ ǫ|φ〉 . (1.3)
Then, assuming 〈0|T |φ〉 6= 0,
〈ψ|T |ψ〉 = 2ǫRe〈0|T |φ〉+ ǫ2 〈φ|T |φ〉 < 0 , (1.4)
for some region of small ǫ > 0 or ǫ < 0.1 However this counterexample to the general
applicability of (1.2) fails if we impose the restriction2
〈0|T |ψ〉 = 0 . (1.5)
1 It is perhaps illuminating to consider the manifestly positive operator x2 in simple quan-
tum mechanics. If 〈ψλ|x
2|ψλ〉 = λ > 0, for a normalised state |ψλ〉, then the above argument for
|0〉 → |ψλ〉 and T → x
2− λ shows that there exists a state |ψλ′〉 with λ
′ < λ but there is no state
in the Hilbert space giving λ = 0.
2 It would be nice if 〈ψ|T |ψ〉 could be bounded below in terms of 〈0|T |ψ〉, on the basis of
(1.4) we considered 〈ψ|T |ψ〉 ≥ −2|Re〈0|T |ψ〉| ||ψ|| but this can also be shown to be incompatible
with general principles.
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In order to say something in a semi-classical context it is clear that some restrictions
on the applicability of classical energy conditions are necessary. Ford and coworkers [5]
have suggested a non local condition involving an integral over a timelike or possibly null
geodesic and which bounds the extent to which the expectation can be negative in terms
of the width of the time averaging. The resulting inequalities have been verified for free
field theories on flat space-time and may be compatible with extending the proof of some
singularity theorems to semi-classical general relativity. However these inequalities are for-
mulated entirely in a Minkowski space framework and it is not all clear how they might be
applied to the Wick rotated quantum field theory on Euclidean space (any non perturbative
definition of quantum field theory tends to be initially in a Euclidean framework).
Alternatively we here postulate a non standard quantum version of the weak energy
condition which is motivated by considering how to make the above proof of the breakdown
of the simple extension to quantum theory inapplicable. Thus we propose applying the
condition only to a subspace of the full Hilbert space, thus
〈ψ|nµnνTµν(0)|ψ〉 ≥ 0 , nµ = (1,n) , n2 ≤ 1 , (1.6)
for all states |ψ〉 satisfying
〈0|nµnνTµν(0)|ψ〉 = 0 , (1.7)
and for our purposes |ψ〉 is given by the action of finitely many local field operators acting
on the vacuum state |0〉. By considering simple examples in appendix A we show that
there is no inherent contradiction in making this assumption with the basic principles of
quantum mechanics. In this paper we demonstrate that this quantum energy condition can
lead to non trivial constraints by considering its application to a quantum field theory at
a conformal invariant fixed point. The virtue of assuming conformal invariance is that the
two-point functions of quasi-primary fields are then uniquely determined up to an overall
constant and there are in general a finite set of linearly independent expressions for the
three-point function (in some cases there is only one possible form, such as when two fields
are scalars). This analysis also allows the consideration of free massless scalar and fermion
field theories in arbitrary dimension d and free vector fields for d = 4.
In the following sections we consider in turn the restrictions imposed by the positivity
condition (1.6), subject to (1.7), for states formed by the action of scalar, vector current
and energy-momentum tensor operators on the vacuum. The norms of these states are
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expressed in terms of the Euclidean two-point functions for these operators and the matrix
elements involving the energy momentum tensor may also be found in terms of the cor-
responding three-point functions containing the energy momentum tensor as well. These
Euclidean correlation functions have been found explicitly previously up to a small number
of parameters by making use of conformal invariance [6,7]. The lengthy algebra involved
in some of the three-point function computations is reduced significantly by restricting
the state so that the three points in the correlation function lie on a straight line. The
positivity inequalities obtained in this fashion are checked against the results of direct
calculations for free scalar and fermion field theories, which realise conformal invariance
for general dimension d, and also for vector field theories for d = 4. Applications of the
general results constraining the three-point function for the energy momentum tensor are
discussed further in the conclusion. We show how our positivity conditions derived for flat
space extend to constrain the coefficients of the two independent terms appearing in the
trace anomaly for the expectation value of the energy momentum tensor for a conformal
field theory in four dimensions on a general curved space background. One has been known
to satisfy a positivity condition since it determines the overall scale of the energy momen-
tum tensor two-point function, while the other, which is the coefficient of the topological
term in the trace, is known to be positive for free field theory but previously there has
been no general argument requiring this.
We should stress that our alternative weak energy condition is motivated by seeing
what might be feasible in terms of not being manifestly incorrect in quantum field theory.
Even if it is valid it is not at all clear how it might be applied to semi-classical general
relativity, although as remarked above it does have implications concerning the energy mo-
mentum tensor trace on curved space. Our detailed discussion is restricted to conformally
invariant quantum field theories, which includes the case of free massless fields. While
we have not undertaken detailed calculations we believe thsat there should be no intrinsic
difficulty in extending the analysis to massive free fields.
As mentioned above we illustrate in appendix A the basic philosophy by applying the
inequalities to two simple quantum mechanics problems based on a perturbed harmonic
oscillator. The positivity condition is verified if the perturbation is not too large and we
are thus able to demonstrate that there is no inherent incompatibility between our version
of the weak energy condition and the general formalism of quantum mechanics. Appendix
B is devoted to proving that no further information is obtained when our calculations
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are carried out for more general states than those which lead to a collinear coordinate
configurations. This makes essential use of conformal invariance which allows any three
points to be transformed to lie on a line.
2. Correlators involving scalar operators
Let us start by recalling some basic results on the constraints imposed by unitarity on
two-point correlation functions involving scalar operators, which are equivalent to those
following from reflection positivity in Euclidean space.
Initially we consider states formed by the action of a scalar field O, of dimension η,
on the vacuum and take
|ψO〉 = e−HτO(0,x)|0〉 , τ > 0 , (2.1)
where H is the Hamiltonian given as usual in terms of the energy momentum tensor by
H =
∫
dd−1x T00(0,x) . (2.2)
In the conformal limit when gµνTµν = 0 it is evident that automatically 〈0|Tµν |ψO〉 = 0.
On continuation x0 → −iτ to Euclidean space the two-point function for the scalar field
O is given in the conformal limit by the correlation function
〈OE(x)OE(0)〉 = CO 1
x2η
, (2.3)
where x2 is defined by using the standard Euclidean metric. The norm of the state |ψ〉
defined by (2.1) is given directly in terms of the Euclidean two-point function (2.3),
〈ψO|ψO〉 = 〈OE(τ,x)OE(−τ,x)〉 = CO 1
(2τ)2η
≥ 0 , (2.4)
which therefore requires positivity of CO as a consequence of unitarity.
We now turn to analyze the restrictions which follow from eqs. (1.6) and (1.7). As a
preliminary result, we need the computation of the Euclidean three-point function involving
the energy momentum tensor, which is also uniquely determined by conformal invariance
[6]
〈OE(x)OE(y)TEαβ(z)〉
= −CO
Sd
dη
d− 1
1(
(x− z)2(y − z)2) 12d((x− y)2)η− 12d
(ZαZβ
Z2
− 1
d
δαβ
)
,
(2.5)
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where Sd = 2π
1
2
d/Γ( 12d) and
Zα =
(x− z)α
(x− z)2 −
(y − z)α
(y − z)2 . (2.6)
The overall coefficient in (2.5) is determined in terms of CO by Ward identities which
relate the three-point function (2.5) to the two-point function given by (2.3). The relation
between amplitudes involving tensor operators such as Tµν and the associated Euclidean
correlation functions is given by a matrix3, θµα, so that
〈ψO|Tµν(0)|ψO〉 = θµαθνβ〈OE(τ,x)OE(−τ,x)TEαβ(0, 0)〉 , (2.7)
where
θµα =
(
i 0
0 δij
)
. (2.8)
Hence from (2.5) it is straightforward to see that
〈ψO|nµnνTµν(0)|ψO〉 = η CO
Sd
d− 1 + n2
d− 1
1
(τ2 + x2)d(2τ)2η−d
. (2.9)
Since we assume η > 0 the positivity condition (1.6) gives nothing new in this case.
Moreover, setting n = 0 and using (2.2) gives
〈ψO|H|ψO〉 =
∫
dd−1x 〈ψO|T00(0)|ψO〉 = 2η CO
(2τ)2η+1
= −12
∂
∂τ
〈ψO|ψO〉 , (2.10)
which provides an additional check on the overall normalisation in (2.5).
3. Correlators involving vector currents
A less trivial example is provided by considering the state formed by the action of a
conserved vector operator, which must have dimension d−1, on the vacuum. The relation
of the matrix elements to Euclidean correlation functions involves applying also the matrix
θ, defined in (2.8), to the vector indices and the algebra becomes more complicated. On
the other hand, the two-point correlation function for the vector current is still charac-
terised by a single overall parameter in conformal field theories and there are no anomalous
dimensions present in this case.
3 Indices α, β, γ, . . . for Euclidean correlation functions are solely subscripts while Minkowski
vector indices µ, ν, . . . are raised and lowered with the standard metric gµν , where g00 = −1, gij =
δij .
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As in the previous section, we first construct the state
|ψV 〉 = e−HτVµ(0,x)|0〉ψµ , τ > 0 . (3.1)
We have contracted the Vµ operator with an external vector ψ
µ, which can be chosen freely
and which allows positivity conditions to be investigated for all possible combinations for
Lorentz indices with ease. The norm of the state is directly related to the Euclidean
two-point function
〈ψV |ψV 〉 = ψµψνθµαθνβ〈V Eα(τ,x)V Eβ(−τ,x)〉 , (3.2)
and in the conformal limit we have the simple form
〈V Eα(x)V Eβ(0)〉 = CV 1
x2(d−1)
Iαβ(x) , Iαβ(x) ≡ δαβ − 2xαxβ
x2
, (3.3)
where Iαβ(x) represents the action of inversions. From (3.3) it is easy to see that
〈ψV |ψV 〉 = CV 1
(2τ)2(d−1)
ψµψµ , (3.4)
which is manifestly positive so long as CV > 0. We should note here that the initially
surprising sum over two upper µ indices, so that there is an effective Euclidean metric, is
essential to ensure positivity.
We now consider the conditions flowing from the assumption of the positivity condi-
tion,
〈ψV |nµnνTµν(0)|ψV 〉 ≥ 0 , (3.5)
since 〈0|Tµν(0)|ψV 〉 = 0, without restriction on ψµ. The matrix element in (3.5) is di-
rectly related to the Euclidean three-point function 〈V Eγ(x)V Eδ(y)TEαβ(z)〉 which in the
conformal limit has two possible linearly independent forms [6]. As mentioned in the
introduction for simplicity we consider the case when x, y, z are collinear, along the di-
rection defined by eˆα = (1, 0), but appendix B shows that the results obtained for the
collinear configuration are equivalent to the more general case assuming x 6= 0. With this
simplification the three-point function is restricted to the simple form,
〈V Eγ(xˆeˆ)V Eδ(yˆeˆ)TEαβ(zˆeˆ)〉 = 1|xˆ− zˆ|d |yˆ − zˆ|d |xˆ− yˆ|d−2 Aγδαβ , (3.6)
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where Aγδαβ = Aδγαβ = Aγδβα, Aγδαα = 0 is an invariant tensor under O(d − 1) trans-
formations leaving eˆ invariant. Using the notation eˆγ eˆδAγδαβ = Aeˆeˆαβ we may therefore
write
Aeˆeˆmn = β δmn , Aieˆmeˆ = δ δim , Aijmn = ρ δijδmn + τ(δimδjn + δinδjm) , (3.7)
with other components zero or determined by the traceless condition on αβ. The con-
servation conditions for the vector current and the energy momentum tensor lead to two
conditions
β + ρ+ dτ = 0 , 2δ + dρ+ (d+ 2)τ = 0 , (3.8)
so there are left two independent parameters which may be taken as ρ, τ . Ward identities
give a relation to the coefficient of the two-point function
CV =
Sd
d
(
dρ+ (d+ 2)τ
)
, (3.9)
so this combination must be positive.
If in (3.1) we set x = 0 then using (3.6) we may obtain in the conformal limit
〈ψV |nµnνTµν(0)|ψV 〉 = 1
τ2d(2τ)d−2
ψσψρMσρ , Mσρ = n
µnνθµαθνβθσγθρδAγδαβ ,
(3.10)
where explicitly
Mσρ =
(−(d− 1 + n2)β −2δ nj
−2δ ni
(
(d− 1 + n2)ρ+ 2τ)δij + 2τ ninj
)
. (3.11)
The positivity condition (3.5) then reduces to the positivity of the matrix M . For n = 0
this requires
−β = ρ+ dτ ≥ 0 , (d− 1)ρ+ 2τ ≥ 0 , (3.12)
and it is easy to see that together they give CV > 0 using (3.9). For n non zero it is
convenient to write ψσ = (a, bnˆ+ v) with v·n = 0, nˆ = n/|n| so that
ψσψρMσρ =
(
(d− 1 + n2)ρ+ 2τ)v2 + VTMV , (3.13)
where
V =
(
a
b
)
M =
(−(d− 1 + n2)β −2δ |n|
−2δ |n| (d− 1 + n2)ρ+ 2τ(1 + n2)
)
. (3.14)
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If n2 = 1 then
detM = (d− 2)(d2ρ+ (3d+ 2)τ)τ . (3.15)
The positivity requirements then reduce to (d − 1 + n2)ρ + 2τ ≥ 0 and positivity of the
eigenvalues of the matrixM, which of course implies detM≥ 0. It is not difficult to show
that the necessary and sufficient conditions, for d > 2, can be reduced to
dρ+ 2τ ≥ 0 , τ ≥ 0 , (3.16)
which are stronger than (3.12). It is evident that in this case the positivity conditions on
the energy momentum tensor lead to requirements which go beyond what can be found by
consideration of the two-point function alone.
It is of course crucial to check whether these conditions are compatible with known
results which means comparing with explicit calculations for free fields. The two relevant
cases are free n-component scalar fields, in which there are conserved currents correspond-
ing to the SO(n) symmetry, and also Dirac fermions. In both cases for massless fields
there is a conserved traceless energy momentum tensor for general d. Neglecting inessen-
tial positive constants previous calculations give
ρS = d− 4 , τS = d ; ρF = 1 , τF = 0 . (3.17)
Thus the positivity conditions (3.16) or (3.12) are met in both these cases.
The above example is indicative of the general type of results which may arise from
energy conditions in quantum field theory. A local energy density positivity condition
should, if valid, enforce some constraints on three-point functions involving the energy
momentum tensor which in turn transform into inequalities for the parameters defining
the three point function at a conformally invariant fixed point. These constraints may be
checked against known results, which in practice are restricted to free field theories.
4. Correlators involving energy momentum tensors
We finally consider the case where all correlation functions are made out of energy
momentum tensors. This instance is of particular interest since some important param-
eters characterising the theory show up through properties of this operator, which was
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the motivation for this investigation4. Furthermore, there are well-established relations
between trace anomaly and operator product expansion coefficients, which are computable
via two and three-point stress tensor correlation functions in four dimensions. Our posi-
tivity results are potentially relevant in both of these areas.
We therefore consider the state
|ψT 〉 = e−HτTµν(0,x)|0〉 ψµν , τ > 0 . (4.1)
The two-point function of the energy momentum tensor after analytic continuation to
Euclidean space in the conformal limit is given by a simple generalisation of (3.3)
〈TEαβ(x)TEγδ(0)〉 = CT 1
x2d
(
1
2
(
Iαγ(x)Iβδ(x) + Iβγ(x)Iαδ(x)
)− 1
d
δαβδγδ
)
. (4.2)
With this result
〈ψT |ψT 〉 = ψσρψκλθσγθρδθκǫθλη〈TEγδ(τ,x)TEǫη(−τ,x)〉 = CT 1
(2τ)2d
ψσρψσρ , (4.3)
if we impose gµνψ
µν = 0 or ψ00 = ψii. Just as with previous examples, unitarity requires
the positivity of CT .
In order to analyze the more subtle condition (1.6), in conjunction with (1.7), we now
set x = 0 in the definition of the state |ψT 〉 so that it is easy to see that
〈0|nµnνTµν(0)|ψT 〉 = CT 1
τ2d
nµnνψµν . (4.4)
With x = 0 the analysis of the matrix element 〈ψT |nµnνTµν(0)|ψT 〉 can be reduced
to the collinear Euclidean three-point function which can be written simply as
〈TEαβ(xˆeˆ)TEγδ(yˆeˆ)TEǫη(zˆeˆ)〉 = 1|xˆ− yˆ|d |xˆ− zˆ|d |yˆ − zˆ|d Aαβγδǫη , (4.5)
where Aαβγδǫη is an invariant tensor under O(d− 1) rotations preserving eˆ symmetric and
is traceless for each pair of indices αβ, γδ, ǫη and also symmetric under interchange of each
pair. The essential components, with a similar notation to (3.7), are
Aijkeˆmeˆ = ρ δijδkm + τ(δikδjm + δimδjk) ,
Aijkℓmn = r δijδkℓδmn
+ s
(
δij(δkmδℓn + δknδℓm) + δkl(δimδjn + δinδjm) + δmn(δikδjℓ + δiℓδjk)
)
+ t
(
δikδjmδℓn + i↔ j, k ↔ ℓ,m↔ n
)
,
(4.6)
4 This was first considered some time ago by Cappelli and Latorre [8] and reported on in
ref. [9]
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with others determined by the symmetry and traceless conditions. The conservation equa-
tions give two conditions
2τ + dr + (d+ 4)s+ 2t = 0 , 2ρ− dr + (d− 2)s+ 2(d+ 4)t = 0 , (4.7)
so there remain three independent parameters which may be taken as r, s, t. One linear
combination is determined in terms of the coefficient of the two-point function in (4.2) by
a Ward identity
CT =
2Sd
d(d− 1)(d+ 2)
(
dβ − (d− 2)(d+ 1)ǫ+ 2(d− 1)γ
)
=
4Sd
d(d+ 2)
(
dr + (d2 + 2d+ 4)s+ (d2 + 5d+ 2)t
)
,
(4.8)
where we have introduced the alternative variables β, ǫ, γ for later convenience by
β = (d− 1)2r + 6(d− 1)s+ 8t , −ǫ = (d− 1)s+ 4t , γ = −(d− 1)ρ− 2τ . (4.9)
With these results we may obtain the analogous expression to (3.10) in this case
〈ψT |nµnνTµν(0)|ψT 〉 = 1
τ2d(2τ)d
ψσρψκλMσρ,κλ , (4.10)
where Mσρ,κλ = Mκλ,σρ, which forms a
1
2
(d+ 2)(d− 1) × 1
2
(d+ 2)(d− 1) matrix, can be
expressed in terms of Aµνσρκλ giving
M0m,0n = γ δmn − ρn2δmn − 2τ nmnn ,
M0m,kℓ = − 2
(
ρ δkℓnm + τ(δmknℓ + δmℓnk)
)
,
Mij,kℓ =
β
d− 1δijδkℓ − ǫ
(
δikδjℓ + δiℓδjk − 2
d− 1δijδkℓ
)
+ r δijδkℓn
2 + s(δikδjℓ + δiℓδjk)n
2 + 2s(δijnknℓ + δkℓninj)
+ 2t(ninkδjℓ + i↔ j, k ↔ ℓ) ,
(4.11)
with other components determined by symmetry and conditions such as Mij,00 = Mij,kk,
giving for instance M00,00 = (d− 1 + n2)β.
Our positivity conditions then reduce to
ψσρψκλMσρ,κλ ≥ 0 if nµnνψµν = 0 . (4.12)
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We analyse this condition in two stages. First we consider the case where n = 0. It is
easy to see that (4.12) and tracelessness of ψ yield ψ00 = ψii = 0. Moreover, a short
computation shows that our proposed positivity conditions reduce to
γ ≥ 0 , −ǫ ≥ 0 , (4.13)
although positivity of the full matrix Mσρ,κλ would lead to β ≥ 0 as well.
More generally, we consider the case n 6= 0. To disentangle the complete set of
independent positivity restrictions, we decompose ψσρ in the form
ψσρ =
(
f + (d− 1)g 12wn + 12avˆn + 12enˆn
1
2wm +
1
2avˆm +
1
2enˆm uij +
1
2b(nˆivˆj + nˆj vˆi) + fnˆinˆj + gδij
)
,
n·w = w·vˆ = n·vˆ = 0 , uij = uji , uii = 0 , uij nˆj = 0 ,
(4.14)
so that
ψσρψσρ = 2(f + 12dg)
2 + 12d(d− 2)g2 + 12(e2 + a2 + b2) + 12w2 + uijuij , (4.15)
and
nσnρψσρ = (1 + n2)f + (d− 1 + n2)g + |n|e . (4.16)
Using (4.14) we may find
ψσρψαβMσρ,αβ = 2(−ǫ+ sn2)uijuij + (γ − ρn2)w2 + V2TM2V2 + V3TM3V3 , (4.17)
where
V2 =
(
a
b
)
, M2 =
(
γ − ρn2 −2τ |n|
−2τ |n| −ǫ+ (s+ 2t)n2
)
. (4.18)
and, assuming
V3 =

 ef
g

 , (4.19)
then
M3 =

 γ − (ρ+ 2τ)n
2 −2(dρ+ 4τ)|n| 2dγ|n|
−2(dρ+ 4τ)|n| X d2
d−1
(d− 1 + n2)β − 2dd−2
d−1
ǫn2
2dγ|n| d2
d−1
(d− 1 + n2)β − 2dd−2
d−1
ǫn2 d2(d− 1 + n2)β


(4.20)
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where
X =
1
d− 1
(
d2β − 2(d− 2)ǫ)+ 1
d− 1
(
(d+ 1)β − 4(d− 2)ǫ)n2 + (r + 6s+ 8t)n2 .
The positivity condition (4.12) as applied to (4.17) requires positivity of −ǫ+sn2, γ−ρn2
as well as of the matrices M2 and V3TM3V3, where the vector V3 is constrained by the
condition nσnρψσρ = 0, for all |n| such that 0 ≤ |n| ≤ 1. In particular, positivity of M2
for n = 0 leads to our previous result (4.13). Setting |n| = 1 the positivity conditions
from ψσρψαβMσρ,αβ ≥ 0, excluding those involving the matrix M3, reduce to the linear
relations
−ǫ+ s = ds+ 4t ≥ 0 , γ − ρ = −dρ− 2τ ≥ 0 , (4.21)
as well as the nonlinear condition
Q ≡ detM2
∣∣
|n|=1
= det
(−dρ− 2τ −2τ
−2τ ds+ 6t
)
≥ 0 . (4.22)
Only the conditions arising from M3 are sensitive to the requirement nσnρψσρ = 0
since from (4.16) this constrains only V3. For |n| = 0 then we may eliminate f in terms of
g, f = −(d− 1)g, so that the previous results (4.13) are recovered. If we take |n| = 1 then
we choose to eliminate e in favour of f and g and the matrix acting on
(
f
g
)
becomes
M = (d− 2)
(
(d+ 4)(dr + 4s− 4t) d(d+ 3)(dr + 4s− 4t)
d(d+ 3)(dr + 4s− 4t) 12d2
(
d(2d+ 3)r + 3(3d+ 4)s− 6(d+ 2)t)
)
.
(4.23)
If d > 2 the positivity of M reduces to
I ≡ dr + 4s− 4t = d
2β − 4(d− 1)γ − 2(d− 2)ǫ
(d− 1)(d− 2)(d+ 3) ≥ 0 , (4.24)
and also, by considering detM,
J ≡ −d(d+ 6)r + (d2 − 24)s+ 2(d2 + 6d+ 12)t ≥ 0 . (4.25)
Note that, from (4.8),
CT =
2Sd
d2(d+ 2)
(
(d− 2)(d+ 3)I + (d+ 2)(2γ − (d− 2)ǫ)) , (4.26)
which by virtue of (4.13) and (4.24) is manifestly positive as is necessary for unitarity.
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The detailed analysis of the mutual interdependence of the constraints obtained in
this case is obviously more complicated than previously. It is perhaps of interest first
to consider the case d = 3 separately since, as shown in [6], there are then only two
independent parameters which may be taken as
u = r − 4t , v = s+ 2t . (4.27)
Note that CT =
16
15π(3u+19v) and for the quantities appearing in the various inequalities
(if d = 3 then uij in (4.14) is absent so that there is no condition for −ǫ+ s),
−ǫ = 18γ = v , I = 3u+ 4v , J = −3(9u+ 5v) , γ − ρ = 12 (17v − 3u) . (4.28)
The inequalities lead to −59 ≥ u/v ≥ −43 .
When d = 4, which is of primary interest, three parameters are necessary but the
positivity conditions are homogeneous so that they essentially constrain their ratios. The
relationship between different conditions is most easily visualised in terms of the two-
dimensional plot given by Fig. 1.
I
J
Q
   
  + s
 
x
y
V
F
S
-0.2
-0.1
0
0.1
0.2
0.3
0.4
0.5
-0.05 0 0.05 0.1 0.15 0.2
Fig. 1 Boundaries of various positivity inequalities for d = 4 on graph with coordi-
nates y = β/(β − 5ǫ+3γ) and x = −ǫ/(β − 5ǫ+ 3γ), where β − 5ǫ+3γ ∝ CT > 0.
Each boundary is labelled by the corresponding quantity which is required to be
positive on the side for which it is positive. The allowed region satisfied by all
constraints is the central triangular region with one corner cut off by the Q = 0
curve. The points labelled by V , F , which lie on the boundary of the positivity
region, and S correspond to free vector, fermion and scalar fields.
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The relevance and consistency of our results may be checked by investigating the
cases of the essentially trivial conformal field theories formed by free scalars, fermions, for
general d, and also vector fields when d = 4. Neglecting inessential positive constants we
have from [6]
rS = d
3 + 28d− 16 , sS = d(d2 − 8d+ 4) , tS = d3 ,
rF = − 4 , sF = d , tF = 0 ,
d = 4 , rV = −3 , sV = 2 , tV = −1 .
(4.29)
We have used these results to check all the various inequalities, for d = 4 they give the
points shown in Fig. 1. For general free conformal field theories for −ǫ+ s, which featured
in (4.21), we find
(−ǫ+ s)S = d2(d− 2)2 , (−ǫ+ s)F = d2 , (−ǫ+ s)V = 4 , (4.30)
so this inequality is respected in each case and also with the definition in (4.22)
QS = d
4(d+ 2)(d− 1)(d− 2)3 , QF = 12d4(d+ 2) , QV = 0 . (4.31)
For the matrix M3 (4.20) for |n| = 1 we find
detM3,S = 2d6(d+ 2)(d− 1)(d− 2)4(d5 + d4 − 10d3 − 4d2 − 24d+ 32) ,
detM3,F = detM3,V = 0 .
(4.32)
It is easy to see that detM3,S < 0 when d = 3. Nevertheless from the expressions for I, J
in the more restricted conditions (4.24) and (4.29) we find
IS = d
2(d+ 2)(d− 2) , IF = IV = 0 ,
JS = 2d
2(d− 2)(d2 + d− 10) , JF = d2(d+ 4) , JV = 0 ,
(4.33)
which are positive for d = 3. This result shows how the restriction on the states |ψ〉
to the subspace defined by (1.7) is sufficient to maintain the fulfilment of the positivity
conditions in free scalar theories in three dimensions. In terms of the variables in (4.27)
we have (u/v)S = −1321 , (u/v)F = −43 which lie in the required positivity range.
However JS in (4.33) is no longer positive for d close to two although when d = 2
exactly this problem is absent since there is just one unique expression for the conformally
invariant energy momentum tensor three-point function whose coefficient is determined by
the value of CT , which is proportional to the Virasoro central charge c. Nevertheless the
lack of positivity of JS if 2 < d <
1
2
(
√
41−1) suggests, following the guidelines exemplified
by the quantum mechanical analogues discussed in Appendix A, that further restrictions
are necessary.
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5. A refined energy density positivity postulate
The problems noted above for scalar field theories are confined to the matrixM defined
in (4.23). As mentioned above it is natural to introduce additional constraints on the state
|ψT 〉. Any further such conditions will require some knowledge of the detailed dynamics
and will therefore be model dependent to this extent. As a possible extra constraint on the
states |ψ〉, which may be natural in the context of conformal field theories, we postulate,
as well as (1.7),
〈ψO|nµnνTµν(0)|ψ〉 = 0 , (5.1)
where |ψO〉 is constructed as in (2.1) in terms of a scalar field O appearing in the theory.
It is useful to note that
〈OE(x)O′E(y)TEαβ(z)〉 = 0 if η 6= η′ , 〈OE(x)V Eγ(y)TEαβ(z)〉 = 0 , (5.2)
and hence this extra condition will not affect the positivity condition (3.5) for states formed
by a vector operator which led to (3.12) or (3.16)but will impose only restrictions on any
conditions arising from the matrix M as required.
To apply the condition (5.1) to the states |ψT 〉 we make use of results for the Euclidean
three-point function 〈OE(x)TEγδ(y)TEαβ(z)〉 which in the conformal limit has only one
linearly independent form. In the collinear configuration we have
〈OE(xˆeˆ)TEγδ(yˆeˆ)TEαβ(zˆeˆ)〉 = 1|xˆ− yˆ|η|xˆ− zˆ|η|yˆ − zˆ|2d−η Bγδαδ , (5.3)
where Bγδαδ is an O(d − 1) invariant tensor given by (note that here δ, ǫ, γ are new
parameters unrelated to those of the previous section)
Bijkℓ = δ δijδkℓ + ǫ(δikδjℓ + δiℓδjk) , Bieˆkeˆ = γ δik , (5.4)
with other components determined by symmetry and tracelessness. Conservation of the
energy momentum tensor gives two conditions
2γ = −(d− η)((d− 1)δ + 2ǫ) , (d− η)γ = −d δ − (d+ 2)ǫ , (5.5)
which may be solved, up to an inessential overall constant, by taking
ǫ = 12 (d− η)2 −
d
d− 1 , δ =
1
d− 1
(− (d− η)2 + d+ 2) , γ = −12(d− η) (d− 2)(d+ 1)d− 1 .
(5.6)
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We can now write, if x = 0 so that using (5.3) is valid,5
〈ψO|nµnνTµν(0)|ψT 〉 = 1
τ2d(2τ)η
nµnνψσρθµγθνδθσαθρβBγδαδ . (5.7)
Using (5.4) we can write, with gµνψ
µν = 0,
nµnνψσρθµγθνδθσαθρβBγδαδ
= δ d(d− 1 + n2)ψii + 2ǫ((d+ n2)ψii + ninjψij)− 4γ ψ0ini
= η
d− 2
d− 1
((
(η − d)n2 + d+ 1 + n2)f + (d+ 1)(d− 1 + n2)g) ,
(5.8)
where we have used (4.14) and (5.6) as well as nσnρψσρ = 0 to eliminate e if n 6= 0. If
n = 0 then this vanishes if ψii = 0 which is the same condition as that already obtained
from 〈0|nµnνTµν(0)|ψT 〉 = 0.
In order to analyse the consequences of the extra constraint (5.1) for |ψ〉 → |ψT 〉 we
set |n| = 1 and then, instead of positivity of the matrix M, we require now only that
VηT MVη ≥ 0 , Vη =
(−d(d+ 1)
η + 2
)
. (5.9)
If η were a free parameter this would reduce to positivity ofM again but in any conformal
theory the spectrum of scale dimensions η is bounded below by some positive number. For
free scalars, which produced the earlier difficulties, the lowest dimension scalar operator
which could contribute here is φ2 having dimension d− 2. Inserting the results (4.29) we
find
MS = (d− 2)2d2
(
(d+ 2)(d+ 4) d(d+ 2)(d+ 3)
d(d+ 2)(d+ 3) d2(d2 + 5d+ 2)
)
(5.10)
so that
Vd−2MS Vd−2 = (d− 2)2d4(d3 + d2 + 10d+ 8) , (5.11)
which is always positive. For free fermions or, if d = 4, free vectors
MF =
(
0 0
0 1
2
d4(d− 2)
)
, MV = 0 , (5.12)
which satisfy the previous positivity conditions without further restriction. In these the-
ories the lowest dimension scalar operator which may be relevant has a dimension of at
least η = d.
5 In general the matrix element may be written as 〈ψO(x
′, τ ′)|nµnνTµν(0)|ψT (x, τ)〉 but only
if x′ = x, τ ′ = τ can conformal invariance be used to transform this to the collinear configuration,
as in appendix B, without effectively transforming nµ. It is perhaps simpler to consider just the
state |O〉 = limτ→∞(2τ)
ηe−HτO(0,x)|0〉, which has norm from (2.4) 〈O|O〉 = CO, and impose
〈O|nµnνTµν(0)|ψ〉 = 0 instead of (5.1) as an additional condition on the states |ψ〉 to which the
positivity condition is applied. In this situation we can restrict our attention to the collinear case.
16
6. Constraints on the trace anomaly coefficients
At this point we may summarise our main results and try to exploit them in some
related issues that go beyond flat space correlation functions. In curved space-times nega-
tive energy densities appear to play an essential role in such effects as Hawking radiation
and are also connected with lack of stability of time independent vacuum states. Con-
versely, some requirement of positive energy density might be desired in order to ensure a
stable vacuum and to avoid seeming pathologies like causality violations associated with
wormholes. We have, thus, tried to resurrect energy conditions in quantum field theory
by postulating a restricted version of the weak energy condition, here initially for flat
space-time as a first step towards finding possible generalisations of classical conditions.
To circumvent the simplest known counterexamples of violation of such kinds of positivity
conditions we have looked for inspiration in two quantum mechanical models. This leads
us to consider the linear conditions, defining a restricted subspace,
〈ψ|T |ψ〉 ≥ 0 where 〈φi|nµnνTµν |ψ〉 = 0 , (6.1)
for some suitable natural set of states |φi〉, on which positivity may then be imposed. It
is of course essential that the subspace be defined in a not too model dependent fashion,
although even if the number of necessary conditions becomes infinite this does not neces-
sarily lead to them having no content. The constraints imposed by a simple version of this
postulate which we have investigated in bosonic, fermionic and vector free field theories,
for a restricted set of states |ψ〉, have not led to any apparent violation but also have given
conditions with a non trivial content.
An important corollary of the above results, and one of our main motivations, is the
generation of constraints on the coefficients of the trace anomaly in curved space-time
backgrounds. As is well known the expectation value of the trace of the energy momentum
tensor is then non zero even if it vanishes as an operator on flat space-time, as required in
conformal field theories. For d = 4 the trace anomaly is formed from dimension 4 scalars
constructed from the Riemann tensor and has the general form,
gµν〈Tµν〉g = −βaF − βbG+ h∇2R , (6.2)
where F = CαβγδCαβγδ is the square of the Weyl tensor, G =
1
4
εµνρσεαβγδR
αβ
µνR
γδ
σρ
is the Euler density and the third term is a total derivative. The coefficient h is in fact
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arbitrary since it can be altered by adding a local term to the effective action so we
concentrate only on βa and βb.
The relation between the coefficient of the Weyl term and the overall coefficient of the
two-point function for the energy momentum tensor is well known [10],
−βa = π
2
640
CT =
π4
5760
(2β − 5ǫ+ 3γ) ≥ 0 , (6.3)
using the result (4.8) for d = 4. This term in the trace anomaly is therefore related to the
c-number term appearing in the operator product expansion for two energy momentum
tensors and may be regarded as measuring the reaction of the field theory to a shear
transformation. The positivity of −βa is thus required by the positivity of CT which is
rooted in the basic unitarity properties of the Hilbert space, as illustrated directly by (4.3).
The trace anomaly constrains the form of the expectation value of the energy mo-
mentum tensor on curved space-times, although it does not essentially determine it [11,4]
unlike the case in two dimensions. For solutions of Einstein equations F = G so the
anomaly depends only on βa + βb which has opposite signs for different free field theories
and hence there are no obvious positivity constraints for the anomaly coefficients, such as
might be found by considering the flux of Hawking radiation, to be obtained by analysis
of 〈Tµν〉g in applications to general relativity in four dimensions.
On the other hand, the coefficient βb may play a significant role in flat space quantum
field theories. In many respects it is the direct analogue of the Virasoro central charge c for
two dimensional theories. Its analysis is more involved and requires more sophistication
than βa since its footprint in a flat space quantum field theory lies in three-point correlators
of the energy momentum tensor and, consequently, its presumptive positivity can only be
derived in terms of some positivity restriction on the energy momentum tensor such as
we have postulated. On conformally flat spaces F = 0 and then
∫
d4x
√
ggµν〈Tµν〉g is
proportional to βb, the integral of the Euler density is a topological invariant. Cardy
[12] suggested that βb might be a candidate for proving a c-theorem in four dimensions.
A significant step towards this aim would be to demonstrate its positivity, at least at
renormalisation group fixed points of interacting quantum field theories.
The crucial question is therefore whether the results in section 4 and 5 can lead to the
positivity of βb. Using the work of [6,7], we can relate this coefficient to the parameters in
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energy momentum tensor three-point function as follows
βb =
π4
5760
(4r + 48s+ 53t)
=
π4
5760
1
6
(2β − 95ǫ− 3γ)
. (6.4)
In order to discuss the issue of positivity of βb in our framework there are several alter-
natives. From the conditions for n = 0 which are given in (4.13), supplemented by the
positivity of CT which is given in (4.8), we cannot deduce βb > 0. The constraints in
(4.21), (4.24) and (4.29) are stronger. When d = 4 we have
−ǫ+s = 2105(−2β−115ǫ−9γ) , γ−ρ = 115(−2β+5ǫ+21γ) , I = 221 (4β−ǫ−3γ) , (6.5)
and since
2β − 95ǫ− 3γ = 10
63
(4β − ǫ− 3γ) + 16
21
(−2β − 115ǫ− 9γ) + 13
9
(2β − 5ǫ+ 3γ) , (6.6)
we evidently have from (6.4) that a variety of combinations of inequalities imply βb > 0 as
a corollary of the version of the weak energy condition postulated in this paper. In terms
of Fig. 1, βb > 0 corresponds to y >
1
4
(1− 100x) which is easily seen to be satisfied by the
allowed positivity region.
The fact that the conditions leading to this result fail at the peculiar value of d
discussed in section 4 for scalar field theories is perhaps indicative that further restrictions
are necessary. If we drop all conditions arising from the matrix M3 and impose just that
CT , which is given by (4.8), is positive as an additional condition we cannot obtain βb > 0.
One more inequality which must involve M3 directly is necessary. From section 6 we
may consider applying the extra condition (5.1) for some η which still leads to some extra
conditions. As an illustration for a free scalar theory we may take η = d− 2 and get the
constraint
8β + 5ǫ+ γ ≥ 0 . (6.7)
This supplementary equation is now sufficient to find a manifestly positive expression for
βb, e.g. for instance
2β−95ǫ−3γ = 38(2β−5ǫ+3γ)+ 56 (−2β−115ǫ−9γ)+ 17120(−2β+5ǫ+21γ)+ 25(8β+5ǫ+γ) ≥ 0 .
(6.8)
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In conclusion it is perhaps worth noting that our proposed energy conditions, while
speculative to an extent, are susceptible of further tests. In some instances the inequalities
such as (3.12), (3.16) or (4.13), (4.21), (4.22) and (4.24) are such that free field theories lie
on the boundary. In such cases it is possible that perturbative calculations for interacting
theories will verify whether the inequalities are still satisfied. Nevertheless it is perhaps
remarkable that, as exhibited in Fig. 1, that the various inequalities severely constrain the
parameters of the general energy momentum tensor three point function in a consistent
fashion which is compatible with the results of free field theory and in a fashion which
implies βb > 0.
Acknowledgements
We are grateful to the British Council and Spanish MEC for financial support allowing
for travel to our respective institutions, also CICYT under contract AEN95-0590, CIRIT
under contract GRQ93-1047. We are also very pleased to acknowledge valuable discussions
with Rolf Tarrach.
20
Appendix A.
As an illustration that our positivity condition makes sense in at least some circum-
stances we consider two elementary standard quantum mechanical examples.
First we consider the following operator
T = cosh 2φa†a+ 12 sinh 2φ (a
2 + a†2) , (A.1)
where a, a† are conventional annihilation, creation operators. The expression for T is
obviously modelled on the expected form for free field theory. As is well known T can be
diagonalised by a Bogoliubov transformation
T = a′†a′ − sinh2 φ , (A.2)
where
a′ = UaU−1 = coshφa+ sinhφa† , (A.3)
with U a unitary operator given by
U = e
1
2
φ(a2−a†2) = (coshφ)−
1
2 e−
1
2
tanhφ a†2eρa
†ae
1
2
tanhφ a2 , ρ = − ln coshφ . (A.4)
For the standard Fock space vacuum |0〉, satisfying a|0〉 = 0, it is evident that the
conditions in (1.1) are met if φ 6= 0. For a general state |ψ〉 in the Fock space
〈ψ|T |ψ〉 =
∑
n=0
an
2
(
n− sinh2 φ) for |ψ〉 =∑
n=0
anU |n〉 . (A.5)
Clearly we can choose the state |ψ〉 such that 〈ψ|T |ψ〉 < 0 without difficulty since the
n = 0 term in the sum is always negative. It is also possible to see from (A.4) that
〈0|T |ψ〉 =
∑
n=0
an
(
n− sinh2 φ)〈0|U |n〉
= (coshφ)−
1
2
∑
n=0
a2n
√
(2n)!
2nn!
(
2n− sinh2 φ) tanhn φ . (A.6)
Imposing the condition (1.5) does not constrain an for odd n so that it is necessary to
impose the condition
sinh2 φ ≤ 1 , (A.7)
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if the positivity condition (1.2) subject to (1.5) is to be at all satisfied. The condition (1.5)
may then be regarded as an equation determining a0 giving
a0 sinh
2 φ =
∑
n=1
a2n
√
(2n)!
2nn!
(
2n− sinh2 φ) tanhn φ . (A.8)
Using this to eliminate a0 in (A.5) then after some algebra we find
〈ψ|T |ψ〉 =
∑
n=0
a 22n+1
(
2n+ 1− sinh2 φ)
+
∑
n=1
2n+ 1
2n
(
2n− sinh2 φ) tanh2 φ
×
(
a2n − 1
2n+ 1
2nn!√
(2n)!
∑
m=n+1
a2m
√
(2m)!
2mm!
2m− sinh2 φ
sinh2 φ
tanhm−n φ
)2
,
(A.9)
which is obviously positive subject to (A.7).
An even simpler second illustration is given by considering the operator
T = a†a+ λ(a+ a†) = a′†a′ − λ2 , (A.10)
where
a′ = a+ λ = UaU−1 , U = eλ(a−a
†) = e−
1
2
λ2e−λa
†
eλa . (A.11)
As above a general state can be represented as |ψ〉 =∑n=0 anU |n〉 and then
〈ψ|T |ψ〉 =
∑
n=0
an
2(n− λ2) . (A.12)
In this case imposing the restriction 〈0|T |ψ〉 = 0 gives
a0λ
2 =
∑
n=1
an
1√
n!
(n− λ2)λn , (A.13)
and thus eliminating a0 from (A.12) gives
〈ψ|T |ψ〉 =
∑
n=1
n− λ2
n
λ2
(
an −
√
n!
∑
m=n+1
am
1√
m!
(m− λ2)λm−n−2
)2
. (A.14)
In consequence we have the positivity condition (1.2), subject to (1.5), if λ2 < 1.
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These examples demonstrate that the positivity conditions suggested here may be
valid for an operator T which is close to an operator T0 which annihilates |0〉. As the
difference between T and T0 becomes larger more and more conditions on the state |ψ〉 are
necessary if 〈ψ|T |ψ〉 ≥ 0 is to be maintained.
Appendix B.
In this appendix we show that conformal invariance ensures that there is no loss of
generality in deriving positivity conditions for the states |ψV 〉 and |ψT 〉, defined in (3.1)
and (4.1), by setting x = 0. This is essentially because a conformal transformation on
Euclidean space allows any three points to be made collinear so that we are able then to
use the simple expressions for the three-point functions given by (3.6) and (4.5).
To demonstrate this we first note that under a conformal transformation on Euclidean
space for which x → x′, where dx′αdx′α = Ω(x)−2dxαdxα, a Euclidean vector field trans-
forms as V → V ′ where V ′α(x′) = Ω(x)d−1R(x)αβVβ(x) and we define the orthogonal
matrix R by ∂x′α/∂xβ = Ω(x)−1Rαβ(x). For a special conformal transformation
x′α =
xα + bαx
2
Ω(x)
, Ω(x) = 1 + 2b·x+ b2x2 . (B.1)
If bα = (0,b) then the plane xαeˆα = 0 is left invariant and we may choose b = x/(τ
2+x2)
so as to transform (xˆ, 0)→ (τ,x). Assuming conformal invariance then from (3.6) we may
obtain
〈V Eγ(τ,x)V Eδ(−τ,x)TEαβ(0)〉 = Rγγ′(τ,x)Rδδ′(−τ,x) 1
(τ2 + x2)d(2τ)d−2
Aγ′δ′αβ ,
(B.2)
where
Rαβ(τ,x) =
(
τ2−x2
τ2+x2 − 2τxjτ2+x2
2τxi
τ2+x2 δij − 2xixjτ2+x2
)
. (B.3)
By taking into account the action of the matrix θ defined by (2.8) we now find instead of
(3.10)
〈ψV |nµnνTµν(0)|ψV 〉 = 1
(τ2 + x2)d(2τ)d−2
ψσψρ R˜σσ
′
(τ,x)∗R˜ρρ
′
(τ,x)Mσ′ρ′ , (B.4)
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with now the matrix R˜ given by
R˜µν(τ,x) =
(
τ2−x2
τ2+x2
2iτxj
τ2+x2
2iτxi
τ2+x2
δi
j − 2xixj
τ2+x2
)
, (B.5)
which satisfies R˜µσ(τ,x)R˜µρ(τ,x)gσρ = gµν . It is evident that positivity of (B.5) also
requires Mσρ to be a positive matrix just as (3.10). It is also of interest to consider the
integral over x which gives∫
dd−1x 〈ψV |nµnνTµν(0)|ψV 〉
= 2Sd
1
(2τ)2d−1
1
d
{
(ψ0)2
(
M00 +Mii
)
+ 2ψ0ψi
(
M0i +Mi0
)
+ ψiψiM00
+
1
d+ 1
(
ψiψiMjj + d(d− 1)ψiψjMij
)}
.
(B.6)
If we set n = 0, so that M0i =Mi0 = 0, Mij ∝ δij , then it is easy to see that from (3.4)
〈ψV |H|ψV 〉 = 2Sd 1
(2τ)2d−1
1
d
ψµψµMσσ = −12
∂
∂τ
〈ψV |ψV 〉 , (B.7)
if, using (3.4),
(d− 1)CV = Sd
d
Mσσ . (B.8)
This is of course in agreement with the Ward identity result (3.9). It is perhaps worth
noting that the unitarity condition CV > 0 constrains the trace of the matrix Mσρ while
positivity of the matrix element of T00 gives positivity of the whole matrix when n = 0.
An additional constraint on the matrix may be obtained by considering the momentum
operator
Pi = −
∫
dd−1xT0i(0,x) . (B.9)
By expanding (B.6) to first order in n, and using (3.11), we may find
〈ψV |P|ψV 〉 = 2Sd 1
(2τ)2d−1
4
d
δ ψ0ψ = −4CV 1
(2τ)2d−1
ψ0ψ , (B.10)
where the second expression results by using P as a generator of translations in x. Clearly
(B.10) requires 2Sdδ = −dCV in agreement with (3.8),(3.9).
In a similar fashion for the state |ψT 〉 defined in (4.1) for arbitrary x we find
〈ψT |nµnνTµν(0)|ψT 〉
=
1
(τ2 + x2)d(2τ)d
ψσρψκλ R˜σσ
′
(τ,x)∗R˜ρρ
′
(τ,x)∗R˜κκ
′
(τ,x)R˜λλ
′
(τ,x)Mσ′ρ′,κ′λ′ ,
(B.11)
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and furthermore, instead of (4.4), we now have
〈0|nµnνTµν(0)|ψT 〉 = CT 1
(τ2 + x2)d
nµnνR˜µσ(τ,x)R˜νρ(τ,x)ψσρ . (B.12)
Clearly we gain no more from positivity conditions for x 6= 0 than we have found from
(4.12). From (B.12) we then have
∫
dd−1x 〈0|nµnνTµν(0)|ψT 〉 = CT 2Sd
d+ 1
(
(d− 1)ninjψij − n2ψii) , (B.13)
which is in accord with the requirement that 〈0|Pµ|ψT 〉 = 0 where Pµ = (H,P).
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